We will study torus actions on Cuntz-Krieger algebras trivially acting on its canonical maximal abelian C * -subalgebras from the view points of continuous orbit equivalence of one-sided topological Markov shifts and flow equivalence of two-sided topological Markov shifts.
Introduction and Preliminaries
For an N × N irreducible matrix A = [A(i, j)] N i,j=1 with entries in {0, 1}, let us denote by X A the shift space X A = {(x n ) n∈N ∈ {1, . . . , N } N | A(x n , x n+1 ) = 1 for all n ∈ N} (1.1) of the one-sided topological Markov shift for A. We always assume that 1 < N ∈ N and A is not any permutation matrix. Hence A satisfies condition (I) in the sense of Cuntz-Krieger [8] . We endow X A with the relative topology of the product topology on {1, . . . , N } N , so that X A is a compact Hausdorff space and homeomorphic to the Cantor discontinuum. Let us denote by σ A the shift on X A which is defined by σ A ((x n ) n∈N ) = (x n+1 ) n∈N . It is a continuous surjection on X A . The topological dynamical system (X A , σ A ) is called the one-sided topological Markov shift for A. The topological Markov shifts are also called shifts of finite type (cf. [10] , [11] ). The two-sided topological Markov shift is similarly defined as a topological dynamical system (X A ,σ A ) on the setX A of two-sided sequences (x n ) n∈Z instead of one-sided sequences (x n ) n∈N in (1.1) with the shift homeomorphism σ A ((x n ) n∈Z ) = (x n+1 ) n∈Z onX A . J. Cuntz and W. Krieger have introduced a C * -algebra O A associated to topological Markov shift (X A , σ A ) ( [8] ). The C * -algebra is called the Cuntz-Krieger algebra, which is a universal unique C * -algebra generated by partial isometries S 1 , . . . , S N subject to the relations: . Continuous orbit equivalence of one-sided topological Markov shifts is a weaker equivalence relation than one-sided topological conjugacy and gives rise to isomorphic CuntzKrieger algebras ( [14] ). Let A and B be irreducible square matrices with entries in {0, 1}. One-sided topological Markov shifts (X A , σ A ) and (X B , σ B ) are said to be continuously orbit equivalent if there exist a homeomorphism h : X A → X B and continuous functions k 1 , l 1 : X A → Z + , k 2 , l 2 : X B → Z + such that
(h(x)) for x ∈ X A , ( In [17] , it has been proved that the following three assertions are equivalent ( cf. [14] , [15] , [19] , [20] ):
(i) (X A , σ A ) and (X B , σ B ) are continuously orbit equivalent.
(ii) There exists an isomorphism Φ :
(iii) O A and O B are isomorphic and sgn(det(id − A)) = sgn(det(id − B)).
Let g be a strictly positive continuous function onX A . Denote byX g A the compact Hausdorff space obtained from
by identifying (x, g(x)) and (σ A (x), 0) for eachx ∈X A . Letσ g A,t , t ∈ R be the flow onX
is called the suspension flow of (X A ,σ A ) by ceiling function g. Two-sided topological Markov shifts (X A ,σ A ) and (X B ,σ B ) are said to be flow equivalent if for a strictly positive continuous function g onX A there exists a strictly positive continuous functiong onX B such that (X g A ,σ g A ) is topologically conjugate to (Xg B ,σg B ). Throughout the paper, denote by K the C * -algebra of compact operators on the separable infinite dimensional Hilbert space ℓ 2 (N) and C its maximal abelian C * -subalgebra consisting of diagonal elements on ℓ 2 (N). We have seen that the following three assertions are equivalent ( [2] , [8] , [9] , [17] , [22] , [28] ) : (i) (X A ,σ A ) and (X B ,σ B ) are flow equivalent.
(ii) There exists an isomorphismΦ :
Hence the continuous orbit equivalence of one-sided topological Markov shifts is a onesided counterpart of the flow equivalence of two-sided topological Markov shifts. Let us denote by (H A ,H A + ) the ordered cohomology group for two-sided topological Markov shift (X A ,σ A ), which is defined by the quotient group of the ordered abelian group C(X A , Z) of all Z-valued continuous functions onX A by the subgroup {ξ − ξ •σ A | ξ ∈ C(X A , Z)}. The classes of nonnegative functions in C(X A , Z) is the positive coneH A + (cf. [1] , [23] 
give rise to isomorphisms of abelian groups between C(X A , Z) and C(X B , Z). They furthermore induce isomorphisms between (H A , H A + ) and (H B , H B + ) as ordered groups ( [18] ). In this paper, we will study actions of one-dimensional torus T on the Cuntz-Krieger algebras from the view points of continuous orbit equivalence of one-sided topological Markov shifts and flow equivalence of two-sided topological Markov shifts. Let us denote by Act D A (T, O A ) the set of actions of T on O A trivially acting on the maximal abelian 6) and an automorphism ρ
We know that ρ
In Section 2, we know that the set Act D A (T, O A ) has a natural structure of ordered group. We will then see that the map f ∈ C(X A , Z) → ρ A,f ∈ Act D A (T, O A ) gives rise to an isomorphism of groups and induces an isomorphism from H A onto Act D A (T, O A )/ ∼ as ordered groups (Proposition 2.5). The action ρ A,1 for the constant function 1 is the gauge action ρ A which is an order unit of Act D A (T, O A ). In Section 3, we will see that the map Ψ h : C(X B , Z) → C(X A , Z) defined in (1.5) controlles actions of T on the Cuntz-Krieger algebras trivially acting on its maximal abelian C * -subalgebras as in the following way. 
The above identity Φ • ρ
• Φ tells us that the isomorphisms from
are compatible to continuous orbit equivalence of one-sided topological Markov shifts (Proposition 2.5).
For flow equivalence of two-sided topological Markov shifts, we have the following theorem by using Parry-Sullivan's theorem [22] which says that flow equivalence relation is generated by topological conjugacies of two-sided topological Markov shifts and expansions of the underlying directed graphs. 
In this paper, we denote by N the set of positive integers and by Z + the set of nonnegative integers, respectively. For a topological Markov shift (X A , σ A ), a word µ = (µ 1 , . . . , µ k ) for µ i ∈ {1, . . . , N } is said to be admissible for X A if µ appears somewhere in an element x in X A . The length of µ is k, which is denoted by |µ|. We denote by B k (X A ) the set of all admissible words of length k. The cylinder set {(
Torus actions
We fix an N ×N irreducible matrix A = [A(i, j)] N i,j=1 with entries in {0, 1}. Let S 1 , . . . , S N be the canonical generating partial isometries of the Cuntz-Krieger algebra O A satisfying the relations (1.2). For a word µ = (µ 1 , . . . , µ k ) ∈ B k (X A ), denote by S µ the partial isometry S µ 1 · · · S µ k . Let us denote by Act(T, O A ) the set of all continuous actions of one-dimensional torus R/Z = T to the automorphism group Aut(O A ) of O A . We set
We denote by Rep(T, O A ) (resp. Rep(T, D A )) the set of unitary representations into the unitary group of O A (resp. of D A ). We are assuming that the matrix A is irreducible and satisfies condition (I), so that the subalgebra
Recall that for a function f ∈ C(X A , Z) and t ∈ T, an automorphism ρ .6) and (1.7). It is easy to see that the automorphisms ρ
Proof. It suffices to show the only if part. Suppose that α ∈ Act(T,
Proof. By the preceding lemma, one may take
so that α t , β s commute to each other for every t, s ∈ T . Hence the product α · β defined
We note that the set C(X A , Z) has a structure of abelian group by pointwise sums of functions.
Proof. Since the identities
Hence the correpondence f ∈ C(X A , Z) → ρ A,f ∈ Act D A (T, O A ) yields a homomorphism of groups. Its surjectivity comes from the preceding lemma. It is clear to see that ρ
A,f t = id for all t ∈ T if and only if f is identically zero.
Under the identification between the algebras C(X A ) and D A through the correspondence between χ Uµ ∈ C(X A ) and
hold. For a function f ∈ C(X A , Z), denote by [f ] the class of f in the ordered cohomology group H A . We then see the following lemma.
, the following two conditions are equivalent:
By the identity (2.2), one sees that
In this case, we know that u t belongs to D A because α i t (a) = a for all a ∈ D A and D A is maximal abelian in O A . It is easy to see that ∼ is an equivalence relation in Act
Define α ≥ 0 if
Proof. Proposition 2.3 and Lemma 2.4 ensure that the correspondence
gives rise to an isomorphism of abelian groups. It then follows that
Hence the isomorphism preserves their orders.
Continuous orbit equivalence and torus actions
Let h : X A → X B be a homeomorphism which gives rise to a continuous orbit equivalence between (X A , σ A ) and (X B , σ B ). Take
does not depend on the choice of the functions k 1 , l 1 as long as they are satisfying
gives rise to a homomorphism of abelian groups, which is actually an isomorphic ([18, Proposition 4.5]). As the equality
It has been proved that the homomorphism from H B to H A is an isomorphism of ordered groups ( [17] , [18] ).
Recall that for f ∈ C(X A , Z) and n ∈ Z + , the function f n stands for f n (x) =
The following identity is useful in our further discussions.
Lemma 3.1. For an admissible word µ = (µ 1 , . . . , µ n ) ∈ B n (X A ), we have
Proof. By the identity 
Proof. 
We will see that Φ = Ad(U h ) defined by the unitary U h e A x = e B h(x) , x ∈ X A satisfies the desired properties. We fix i ∈ {1, . . . , N } and set X (i) is a disjoint union X
B and ν ∈ W (i) , we have y ∈ E 
B , and 0 otherwise, we have
We will next show that Ad(
Since Q 
ν e B y = e B h(z) = e B h(ih −1 (y)) and νσ
On the other hand,
Hence we have
By setting Φ = Ad(U h ) : O A → O B , we have the desired isomorphism.
Under the assumption of the above theorem, let us define the functions c 1 ∈ C(X A , Z) and c 2 ∈ C(X B , Z) by c ( x) = l 1 (x) − k 1 (x), x ∈ X A and c ( y) = l 2 (y) − k 2 (y), y ∈ X B , respectively, They are called the cocycle functions which play key rôle in [16] and [18] . They do not depend on the choices of the functions k 1 , l 1 and k 2 , l 2 as long as they are satisfying (1.3) and (1. 
In [16] , a notion of strongly continuous orbit equivalence between one-sided topological Markov shifts has been introduced as a stronger equivalence relation than continuous orbit equivalence. 
Proof. Take a homeomorphism h : X A → X B giving rise to a strongly continuous orbit equivalence between (X A , σ A ) and ( We denote by C(X A , R) the set of real valued continuous functions on X A . Let γ A,f r ∈ Aut(O A ), r ∈ R be the one-parameter automorphisms for f ∈ C(X A , R) on O A defined by
For a homeomorphism h : X A → X B which gives rise to a continuous orbit equivalence between (X A , σ A ) and (X B , σ B ), we define a linear map Ψ h : C(X B , R) → C(X A , R) by the same formula as in (1.5). We may show the following proposition in a similar way to Theorem 3.2. 
Strong shift equivalence and torus actions
It is well-known that a topological Markov shift defined by a square matrix A with entries in {0, 1} is naturally identified with a shift of finite type of the edge shift defined by the underlying directed graph. In this section, we consider edge shifts and hence square matrices with entries in nonnegative integers (cf. [11] , [10] , [29] , etc.). Such a matrix is simply called a nonnegative square matrix. For a nonnegative square matrix A, denote by E A the edge set of the underlying graph G A . The two-sided shift spaceX A is identified with the two-sided sequences of concatenated edges in E A . Two square matrices A, B are said to be elementary equivalent if there exist nonnegative rectangular matrices C, D such that A = CD and B = DC ( [29] , cf. [11] ). The graphs G A and G B become both bipartite graphs. We may then take ceratin bijections ϕ A,CD from E A to a subset of E C × E D and ϕ B,DC from E B to a subset of E D × E C . We fix such bijections. Through the bijections, we may identify an edge a of E A with a pair cd of edges c ∈ E C and d ∈ E D , and similarly an edge b of E B with a pair dc of edges d ∈ E D and c ∈ E C . An equivalence relation generated by elementary equivalences is called the strong shift equivalence. In [29] , R. Williams has proved that two-sided topological Markov shifts (X A ,σ A ) and (X B ,σ B ) are topologically conjugate if and only if the matrices A and B are strong shift equivalent. For a C * -algebra A without unit, let M (A) stand for its multiplier C * -algebra defined by M (A) = {a ∈ A * * | aA ⊂ A, Aa ⊂ A}.
An action α of T to A always extends to M (A) and we write the extended action still α.
For an action α of T to A, a unitary one-cocycle u t , t ∈ T relative to α is a continuous map
It is known that if two matrices A and B are elementary equivalent, there exists an isomorphism Φ :
• Φ for t ∈ T (cf. [8] , [13] , [21] ). The proof given in [13] is due to a method of equivariant Morita equivalence (cf. [4] , [5] , [6] , [24] ).
In this section, we assume that two matrices A and B are elementary equivalent such that A = CD and B = DC. We set the square matrix Z = 0 C D 0 so that we see
Let O Z be the Cuntz-Krieger algebra for the matrix Z. Let us denote by
We note that S c S d = 0 (resp. S d S c = 0) if and only if ϕ A,CD (a) = cd (resp. ϕ B,DC (b) = dc) for some a ∈ E A (resp. b ∈ E B ). In this case, we identify cd (resp. dc) with a (resp. b) through the map ϕ A,CD (resp. ϕ B,DC ). We then write S cd = S a (resp.
It has been shown in [13] that
and P C O Z P D has a natural structure of O A − O B imprimitivity bimodule ( [26] , [27] ). As D Z is commutative, we note that
We take and fix a function f ∈ C(X A , Z). It is regarded as an element of D A and hence of D Z by identifying it with
Therefore we see
We have thus proved the following lemma.
Lemma 4.1. Suppose that A = CD and B = DC. For f ∈ C(X A , Z), there exists
We note that the following symmetric equations to (4.3)
for g ∈ C(X B , Z) and ψ(g) = c∈E C S c gS * c ∈ C(X A , Z) hold. We then see the following lemma.
Lemma 4.2. Suppose that A = CD and B = DC. The homomorphisms φ :
satisfiy the following equalities
for f ∈ C(X A , Z) and g ∈ C(X B , Z), and induce isomorphismsφ : H A → H B and ψ : H B → H A of ordered abelian groups in a natural way.
Proof. We have
and similarly (φ • ψ)(g) = g • σ B for g ∈ C(X B , Z). It is easy to see that the equality
We can prove the following proposition. 
5 Flow equivalence and torus actions
with entries in {0, 1}, put
which is called the expansion of A at the vertex 1. Let {0, 1, . . . , N } be the set of symbols for the topological Markov shifts (XÃ, σÃ) for the matrixÃ. Let us denote bỹ S 0 ,S 1 , . . . ,S N the canonical generating partial isometries of the Cuntz-Krieger algebra OÃ which satisfy
We note that the identities
hold. We take and fix a canonical system e ij , i, j ∈ N of matrix units in the algebra K on ℓ 2 (N) so that e ii , i ∈ N are projections of rank one in C.
Proof. Put v = P ⊗ e 11 + PS 1 ⊗ e 21 . It then follows that
We note that PS 1 =S 1 and hence PS 1 P =S 1 P = 0 so that vv * = P ⊗ e 11 + PS * 1 P ⊗ e 12 + PS 1 P ⊗ e 21 + PS 1S * 1 P ⊗ e 22 = P ⊗ e 11 + PS 1S * 1 P ⊗ e 22 ≤ P ⊗ 1.
For a ⊗ c ∈ DÃ ⊗ C with a ∈ DÃ and c ∈ C, we have PS 1 aP = P aS * 1 P = 0 so that v(a ⊗ c)v * =(P ⊗ e 11 + PS 1 ⊗ e 21 )(a ⊗ c)(P ⊗ e 11 +S * 1 P ⊗ e 12 ) =P aP ⊗ e 11 ce 11 + PS 1 aP ⊗ e 21 ce 11 + P aS * 1 P ⊗ e 11 ce 12 + PS 1 aS *
for some c ′ ∈ C. Hence we have v(DÃ ⊗ C)v * ⊂ DÃP ⊗ C. On the other hand, v * (P ⊗ 1)(a ⊗ c)(P ⊗ 1)v =(P ⊗ e 11 +S * 1 P ⊗ e 12 )(P aP ⊗ c)(P ⊗ e 11 + PS 1 ⊗ e 21 ) =P aP ⊗ ce 11 +S * 1 P aPS 1 ⊗ e 11 ce 11 =(P aP +S * 1 P aPS 1 ) ⊗ ce 11 so that v * (DÃP ⊗ C)v ⊂ DÃ ⊗ C. 
We thus have Hence ξ : X A → XÃ is a continuous orbit map in the sense of [16] . We define Ψ ξ (f )(x) ∈ C(X A , Z) forf ∈ C(XÃ, Z), x = (x n ) n∈N ∈ X A in the same formula as (1.5) so that
Lemma 5.4 (cf. [8, 4. 1 Theorem]). The identities
hold and the correspondence Φ 0 (PS Hence we obtain that Φ 0 • ρÃ
Let η : XÃ → X A be the continuous map defined by erazing the symbol 0 in an element of XÃ such as (1, 0, 2, 1, 0, 1, 0, 2, 1, 0, 1, 0, 1, 0, 2 , . . . ) ∈ XÃ → (1, 2, 1, 1, 2, 1, 1, 1, 2 , . . . ) ∈ X A , (0, 2, 1, 0, 1, 0, 2, 1, 0, 1, 0, 1, 0, 2, 1 , . . . ) ∈ XÃ → (2, 1, 1, 2, 1, 1, 1, 2, 1 , . . . ) ∈ X A .
We define continuous functionsk 1 ,l 1 ∈ C(XÃ, Z + ) by setting k 1 (x) = 0,l 1 (x) = 0 ifx 1 = 0, 1 otherwise forx = (x n ) n∈N ∈ XÃ so that η : XÃ → X A satisfies the identity Hence η : XÃ → X A is a continuous orbit map in the sense of [16] . We define Ψ η (f )(x) ∈ C(XÃ, Z) for f ∈ C(X A , Z),x = (x n ) n∈N ∈ XÃ in the same formula as (1.5) so that Ψ η (f )(x) = 0 ifx 1 = 0, f (η(x)) otherwise.
We then have 
